Abstract. This paper is concerned with a new type of free boundary problems for elastic bodies with a rigid inclusion being in contact with another rigid inclusion or with a non-deformable punch. We propose correct problem formulations with inequality type boundary conditions of a non-local type describing a mutual non-penetration between surfaces. Solution existence is proved for different types of inclusions and different geometries. Qualitative properties of solutions are analyzed provided that rigidity parameters are changed.
1.
Introduction. Contact problems of elasticity theory with unknown contact sets are characterized by non-linear boundary conditions. In the framework of this approach we can mention the Signorini problems [1] , [6] , contact problems for bodies of different dimensions [4] , [12] , [13] , and crack problems with unknown contact sets [3] , [8] , [9] , [10] , [15] . For each class of these problems, boundary conditions are of inequality type, and a contact set is determined provided that a solution of the problem is found. Therefore, the problems analyzed can be considered as free boundary problems. In recent years a new type of problems has been under active research. We have in mind elastic bodies with rigid inclusions and cracks located at interfaces between elastic and rigid parts. We refer the reader to the works [2] , [5] , [7] , [13] , [16] , [17] , [18] , [19] , where correct formulations and results for elastic bodies with rigid inclusions and cracks can be found. Such problems are of great interest due to the active study of composite materials. Modeling of composites takes into account different types of inclusions and cracks of complicated geometries. Energy release through crack propagation in brittle composites is a subject of many current investigations. Resistance against damage and failure is the driving motivation of the mathematical analysis. In material sciences one intends to improve a quality using properties of rigid fibres and other inclusions. Practical examples and numerics for composite materials can be found, for instance, in [11] , [14] .
There is one more class of contact problems with unknown boundaries. Indeed, new types of problems appear provided that we have two or more rigid inclusions with the non-penetration condition of inequality type between their surfaces. It is known that a stress tensor is not defined in a rigid part of the body, and there is no possibility to describe boundary conditions in terms of stress tensor components. Hence, this class of free boundary problems requires a suitable problem formulation and investigation.
In this paper, we consider a wide class of equilibrium problems for elastic bodies containing two rigid inclusions or a rigid inclusion being in contact with a non-deformable punch. We propose correct problem formulations from the standpoint of mechanics. Both volume and thin rigid inclusions are analyzed. Differential and variational problem formulations are discussed, and a solution existence is proved. Fictitious domain approach is applied to establish relations between different types of problems. Other qualitative properties of solutions are investigated, in particular, a passage to a limit is justified provided that a rigidity parameter goes to infinity.
2.
Rigid inclusion being in a contact with non-deformable punch on the boundary. Let Ω ⊂ R 2 be a bounded domain with smooth boundary Γ, and ω ⊂ R 2 be a subdomain with a location depicted in Fig. 1 . We assume that the boundary ∂ω of ω is Lipschitz, γ = Γ ∩ ∂ω, ∂ω = S ∪ γ, Γ = Γ 0 ∪ Σ ∪ γ, and meas(Γ ∩ ∂ω) > 0. The domain Ω \ω corresponds to an elastic part of the body, and ω fits to a rigid part. On the part γ of the boundary Γ we consider a contact between the rigid part ω and a non-deformable punch (which is situated outside of Ω). Denote by n = (n 1 , n 2 ), ν = (ν 1 , ν 2 ) unit normal vectors to Γ and to ∂ω, respectively.
To provide a problem formulation we assume that f = (
is given, and the elasticity tensor
is also given, with the usual properties of symmetry and positive definiteness:
We accept a summation convention over repeated indices; all values with two subindices are assumed to be symmetric in those indices.
Introduce the set of admissible displacements
where
and the space of infinitesimal rigid displacements R(ω) is defined as follows:
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Fig . 1 Now we are in a position to formulate an equilibrium problem for the body with elastic and rigid parts Ω \ω and ω, respectively, where the rigid part is in contact with the nondeformable punch on γ. Namely, it is necessary to find functions u = (
Here (1) are equilibrium equations, and (2) is Hooke's law;
Note that the stress tensor is not defined in the rigid part ω. The second inequality of (4) describes a non-penetration between the rigid part and the non-deformable punch.
Along with the differential formulation of the problem (1)-(6) we provide a variational approach. To this end, consider the energy functional
To simplify the notation, we write
It is possible to prove that the minimization problem
has (a unique) solution satisfying the variational inequality
Indeed, the functional Π is coercive on K and weakly lower semicontinuous on H
(Ω). Now we prove that problem formulations (1)- (6) and (8) are equivalent, assuming that the solution is smooth enough.
, and make an extension of ϕ by zero in ω. Thenū ∈ K, and (8) implies that
which provides a fulfillment of (1) in the distributional sense. If we chooseū = u ± ψ in (8), ψ = (ψ 1 , ψ 2 ) an arbitrary smooth function, suppψ ∈B x 0 , where x 0 ∈ Σ, and B x 0 is a neighborhood of x 0 , the following relation is obtained:
and therefore
which implies the second relation of (3). Now takeū = 0,ū = 2u in (8) . This yields
Integrating by parts here, in view of (1), we arrive at the relation
hence, again after integration by parts,
Thus (6) follows.
All the remaining relations of (1)- (6) hold by the definition of the solution to (8). Hence we prove that (1)-(6) follow from (8) . Conversely, (1) implies that
Integration by parts in this relation provides, by (3),
We know thatū = ρ ∈ R(ω), u = ρ 0 on S; hence, by (5), (6) ,
and consequently, (8) is obtained.
In what follows we prove that the problem (1)- (6) can be obtained as a limit of the Signorini type problems considered in the domain Ω. In fact, introduce a family
with a positive parameter λ, and consider a family of the Signorini problems: find func-
The problem (10)- (15) is solvable, and the solution existence can be proved by minimization of the energy functional
over the set K c . This minimization problem has a solution, and the solution satisfies the variational inequality
It is possible to derive a priori estimates for u λ . To this end, we substituteū = 0,ū = 2u λ in (16) as test functions. This implies that
The relation obtained implies, uniformly in 0 < λ < λ 0 ,
with a positive constant c. We can choose a subsequence, with the previous notation, such that as λ → 0,
By this convergence, it is possible to pass to the limit in (16) as λ → 0. Any element
The passage to the limit here as λ → 0 provides the relation
i.e. the limit function from (17) solves the problem (1)- (6).
3. Thin rigid inclusion on the contact boundary. Let Ω ⊂ R 2 be a bounded domain with smooth boundary Γ. As in the previous section, Γ = Γ 0 ∪ Σ ∪ γ, meas γ > 0. Assume that γ represents a thin rigid inclusion (located on the boundary Γ) which is in contact with a non-deformable punch; see Fig. 2 . Let ν = (ν 1 , ν 2 ) be a unit normal internal vector to Γ. Introduce a notation for the set of admissible displacements
Formulation of an equilibrium problem for the body Ω with the thin rigid inclusion γ is as follows. We have to find functions u = ( It is possible to provide a variational formulation of the problem (19)-(24). Indeed, we have to find a solution of the minimization problem
A solution of this problem exists and satisfies the variational inequality
Below we state that problem formulations (19)-(24) and (25) are equivalent. It is clear that (19) holds, and it follows from (25). Substitutingū = 0,ū = 2u in (25) we derive
Since u = 0 on Γ 0 , and u = ρ 0 on γ, it follows from (26) that
Meanwhile a substitution ofū = u ± ϕ in (25), ϕ = (ϕ 1 , ϕ 2 ) a smooth function, where B x 0 is a neighborhood of a point x 0 ∈ intΣ, suppϕ ∈ B x 0 , provides the relation
whence the second condition of (21) follows. Thus (27) implies (23). Sinceū = u+v ∈ K 0 , where v ∈ K 0 , the variational inequality (25) implies that
and hence, (24) is derived. Conversely, let (19)-(24) be fulfilled. Multiply (19) 
and thus
To prove that (25) takes place it suffices to establish the inequality
But this relation follows directly from (23), (24).
It turns out that the problem (25) can be considered as a limit of crack type problems. Indeed, consider a family of boundary value problems describing an equilibrium of an elastic body with a delaminated thin rigid inclusion. To describe this approach, we introduce a fictitious domain Ω 1 as shown in Fig. 3 .
We introduce next a set of admissible displacements
Then the equilibrium problem to be considered is as follows. We have to find functions
Solution existence of the problem (29)- (34) can be proved from the variational inequality
We should remark that (29)- (34) and (35) are equivalent in the sense that (35) follows from (29)- (34), and conversely, (29)-(34) follow from (35), provided that the solution is smooth. Now we justify a passage to the limit as λ → 0 in (33). From (35) we obtain
and hence uniformly in λ ∈ (0, λ 0 ),
Choosing a subsequence, if necessary, we assume that as λ → 0,
Now, it is possible to substitute in (35) a test functionū ∈ K s such thatū = 0 in Ω 1 , u =ρ on γ + ,ρν ≥ 0 on γ + . Note that a restriction ofū to Ω belongs to the set K 0 . In such a case a passage to the limit as λ → 0 in (35) provides the variational inequality
coinciding with (25), which is what is needed.
Thin rigid inclusion contiguous to volume rigid inclusion. Let Ω ⊂ R
2 be a bounded domain with smooth boundary Γ, and ω ⊂ Ω be a subdomain with smooth boundary ∂ω, ∂ω ∩ Γ = ∅. Assume that γ is a smooth curve without self-intersections, γ ∩ Γ = ∅, and ∂ω ∩ γ = {x 0 }. In our considerations, ω corresponds to a volume rigid inclusion, and γ fits to a thin rigid inclusion, Ω γ = Ω \γ. Let n = (n 1 , n 2 ), ν = (ν 1 , ν 2 ) be unit normal vectors to ∂ω and to γ, respectively; see Fig. 4 . We assume that a delamination takes place at γ − ; hence we should consider a crack at γ − . The problem formulation is as follows. It is necessary to find functions u = (
Here the set of admissible displacements is defined as follows:
We can prove a solvability of the problem (36)-(41). It can be stated by a variational method. Indeed, the problem
has a solution u satisfying the variational inequality
Let us check that problem formulations (36)- (41) and (42) are equivalent. Substitutinḡ u = 0,ū = 2u in (42) as test functions we find
Integrating by parts here we arrive at (40). On the other hand,ū = u +ũ ∈ K 1 , wherẽ u ∈ K 1 ; hence from (42) it follows that
thus (41) follows. All the remaining relations of (36)-(41) are obviously included in (42). Conversely, multiplying (36) byū − u, whereū ∈ K 1 , and integrating over Ω γ \ω we can obtain (42), which is what is needed.
Thin rigid inclusion being in contact with volume rigid inclusion. Let Ω ⊂ R
2 be a bounded domain with smooth boundary Γ, and ω ⊂ Ω be a subdomain with smooth boundary ∂ω; ∂ω ∩ Γ = ∅. Also, let γ ⊂ Ω be a smooth curve without self-intersections such that its part γ 0 coincides with a part of the boundary ∂ω; see Fig.  5 . Denote by n = (n 1 , n 2 ), ν = (ν 1 , ν 2 ) unit normal vectors to ∂ω and γ, respectively. The domain ω fits to a volume rigid inclusion, and γ represents a thin rigid inclusion, S = ∂ω \ γ 0 . In what follows we assume that a delamination takes place on γ − ; hence the non-penetration condition should be fulfilled on γ 0 , as well as on γ \ γ 0 .
The problem formulation is as follows. We have to find functions u = (
The set of admissible displacements K 1 was defined in the previous section. Despite a different geometry (cf. Fig. 4 ), its formal definition is the same.
Note that the values σn in ( We can prove the solution existence to the problem (49), and we can verify that problem formulations (43)-(48) and (49) are equivalent.
Thin rigid inclusion located inside the domain and on the boundary. Let Ω ⊂ R
2 be a bounded domain with smooth boundary Γ, and γ = γ 1 ∪ γ 2 be a smooth curve such that its part γ 1 belongs to Γ, and γ 2 ⊂ Ω; see Fig. 6 . Denote by ν = (ν 1 , ν 2 ) a unit normal vector to γ.
For simplicity we suppose that γ 1 and γ 2 are smooth curves. Denote Γ 0 = Γ\γ 1 , Ω γ 2 = Ω \γ 2 . In the model below, γ corresponds to a thin rigid inclusion located simultaneously on the boundary and inside the domain Ω.
Introduce a set of admissible displacements
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Fig. 6
The equilibrium problem for the elastic body Ω γ 2 with the inclusion γ is as follows. We have to find functions u = (
It is possible to provide a variational formulation of the problem (50)-(55). Consider the minimization problem
The problem (56) has (a unique) solution satisfying the variational inequality
This statement on the solution existence will be proved later. The difficulty of the proof consists in the absence of a coercivity of the functional in (56) because the boundary of the domain Ω γ 2 is not smooth, and hence, we cannot use Korn's inequality. Now we check that problem formulations (50)-(55) and (57) are equivalent provided that the solution u is quite smooth. From (57) we obtain
Integration by parts in (58) implies (54). From (57), (58) it follows that
Integration by parts here implies (55). Hence all relations (50)-(55) can be derived from (57). Conversely, letū ∈ K b . From (50) it follows that
We integrate by parts and get
Meanwhile, relations (54)-(55) provide
and consequently, (59) implies (57), which is what is needed. Now we go back to the variational inequality (57) and prove its solvability. We shall use a fictitious domain approach. Consider a fictitious domain Ω 1 located as depicted in Fig. 7 . Denote by Σ a part of the common boundary of domains Ω and Ω 1 (dotted line in Fig. 7 ) and introduce an extended domainΩ γ = (Ω ∪ Ω 1 ∪ Σ) \γ. Hence the domaiñ Ω γ has a crack (cut) γ. We denote byΓ an external boundary ofΩ γ , i.e.Γ = (∂Ω γ ) \ γ ± . Now introduce the elasticity tensor A λ = {a λ ijkl } with a positive parameter λ,
In the extended domainΩ γ we consider a family of boundary value problems. Find functions u λ = (u 
where the set of admissible displacements is defined as follows:
Since a restrictionū| Ω γ 2 can be taken as an arbitrary element of the set K b we arrive at (57). This proves a solution existence of (57).
